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Abstract. Let Q be an abelian group and k a field. We prove 
that any Q-graded simple Lie algebra g over k is isomorphic to a 
loop algebra in case k has a primitive root of unity of order IQj, if 
Q is finite, or k is algebraically closed and dimg < |k|. 

For Q-graded simple modules over any Q-graded Lie algebra g, 
we propose a similar construction of all Q-graded simple modules 
over any Q-graded Lie algebra over k starting from nonextend- 
able gradings of simple g-modules. We prove that any Q-graded 
simple module over g is isomorphic to a loop module in case k 
has a primitive root of unity of order \Q\, if Q is finite, or k is 
algebraically closed and dimg < |k|. The isomorphism problem 
for simple graded modules constructed in this way remains open. 
For finite-dimensional Q-graded semisimple algebras we obtain a 
graded analogue of the Weyl Theorem. 
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1. Introduction 

1.1. General overview. The present paper studies Q-graded simple 
Lie algebras for any abelian group Q and Q-graded simple modules over 
Q-graded Lie algebras over a field k under some mild restrictions. 

Study of gradings on Lie algebras goes back at least as far as to the pa¬ 
per lEa which started a systematic approach to understanding of grad¬ 
ings by abelian groups on simple hnite dimensional Lie algebras over 
algebraically closed helds of characteristic 0. In the past two decades, 
there was a signihcant interest to the study of gradings on simple Lie 
algebras by arbitrary groups, see the recent monograph |EK2] and ref¬ 
erences therein. In particular, there is an essentially complete classi- 
hcation of hne gradings (up to equivalence) on all hnite-dimensional 
simple Lie algebras over an algebraically closed held of characteristic 
0, see |EK2[ lEll lYuj . Some properties of simple Z 2 -graded Lie algebras 
were studied in |Zuj . A classihcation of various classes of Z^-graded 
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Lie algebras with at most one-dimensional homogeneous spaces was ob¬ 
tained in |OZll IOZ21 IOZ3j . A classihcation of simple Lie algebras with 
a Z”-grading such that all homogeneous spaces are one-dimensional 
was obtained in |KMj . For a given abelian group Q, a classihcation of 
Q-gradings (up to isomorphism) on classical simple Lie algebras over an 
algebraically closed held of characteristic diherent from 2 was obtained 
in P^lEl]. see also [EK2]. In |ARFP] . one hnds some characteriza¬ 
tions of graded-central-simple algebras with split centroid, see Corre¬ 
spondence Theorem 7.1.1 in |ABFP] . In general, it is difficult to hnd 
the centroid for a graded simple algebra. In the paper we will estab¬ 
lish a correspondence theorem for graded-simple Lie algebras without 
assuming they are central or with split centroid. 

When Q is hnite, Billig and Lau described quasi-hnite Q-graded-simple 
modules over Q-graded associative (or Lie) algebras in |BL] . With 
respect to this, we will study Q-graded-simple modules over Q-graded 
Lie algebras without assuming qasihniteness of modules or hniteness of 

Q. 

1.2. Notation and setup. Throughout this paper, k denotes an arbi¬ 
trary held with some restrictions in the context. If not explicitly stated 
otherwise, all vector spaces, algebras and tensor products are assumed 
to be over k. As usual, we denote by Z, N, Z_|_ and C the sets of 
integers, positive integers, nonnegative integers and complex numbers, 
respectively. 

Let Q be an additive abelian group. A Q-graded Lie algebra over k is 
a Lie algebra g over k endowed with a decomposition 

S = such that [g^, 9 /?] C ga +/3 for all a,/3eQ. 

aeQ 

Recall that a graded Lie algebra is called graded simple if g is not com¬ 
mutative and does not contain any non-trivial graded ideal. Without 
loss of generality, for a Q-graded simple Lie algebra g we will always 
assume that the elements a E Q with go, 7 ^ 0 generate Q. Gradings 
satisfying this condition will be called minimal. 

Let Q' be another abelian group, g a Q-graded Lie algebra over a held 
k and g' be a Q'-graded Lie algebra over k. We say that graded Lie 
algebras g and g' are graded isomorphie if there is a group isomorphism 
T : Q ^ Q' and a Lie algebra isomorphism a : g — )■ g' such that 
Cr( 0 a) = Qr{a) ^11 « G Q. 

A Q-graded module V over a Q-graded Lie algebra g is a g-module 
endowed with a decomposition 

V = Va such that ga • Vs C Va+g for all a, (3 E Q. 
a&Q 
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A graded module V is called graded simple if qV ^ 0 and V does not 
contain any non-trivial graded submodule. 

Let g be a Q-graded Lie algebra over k and 

w = 0 w„ w' = 0 w'' 

oSQ aGQ 

be two Q-graded g-module. A g-module isomorphism a : W ^ W 
is called a graded isomorphism of degree (3 E Q if o'(Wa) = Wa+g for 
all a E Q. We say that W and W are graded isomorphic if there is a 
graded isomorphism a : W —?■ W of some degree (3 E Q. 

1.3. Results and structure of the paper. In Section [2l for a sub¬ 
group P of an abelian group Q and a simple Lie algebra o with a fixed 
Q/R-grading, we recall the loop algebras which are Q-graded simple 
Lie algebras g{Q,P, a). If P is hnite and k contains a primitive root 
of unity of order |P|, then the algebra g{Q,P, a) is a direct sum of |P| 
ideals that are isomorphic to a. If char(k) does divide |P|, then the 
algebra g{Q,P, a) is not semisimple as an ungraded algebra. 

In Section [3l we assume that Q is hnite and k contains a primitive root 
of unity of order |P|. We prove that any Q-graded simple Lie algebra 
has to be of the form g(Q, P, a) for some simple Lie algebra a with a 
Q/P-grading, see Corollary [T2] (we actually prove a more general result 
in Theorem [TT]l . Our proof is based on a detailed analysis of properties 
of the character group of Q and is directed towards showing existence 
of a non-graded simple ideal in the case when the underlying ungraded 
Lie algebra is not simple. Thanks to the recent classihcation of all 
gradings on hnite dimensional simple Lie algebras, see |EK21 IEH lYn] , 
we thus obtain a full classihcation of all hnite-dimensional Q-graded 
simple Lie algebras over any algebraically closed held of characteristic 
0 . 

In Section H] we establish a graded analogue of Schur’s Lemma. It is 
frequently used in the remainder of the paper. In Section O for arbi¬ 
trary additive abelian group Q, using Correspondence Theorem 7.1.1 
from |ABFPj . we prove that any Q-graded simple Lie algebra g over 
an algebraically closed held k with dimg < |k| has to be of the form 
g(Q, P, a), for some simple Lie algebra a with a Q/P-grading, see The¬ 
orem m 

In Section [6l using our classihcation of Q-graded simple Lie alge¬ 
bras, we prove a graded analogue of the Weyl’s Theorem, see Theo¬ 
rem [iHl Namely, we show that any Q-graded hnite dimensional mod¬ 
ule over a Q-graded semi-simple hnite dimensional Lie algebra over 
an algebraically closed held of characteristic 0 is completely graded- 
reducible. 
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Finally, in the last section of the paper, we reduce classihcation of all 
Q-graded simple modules W over any Q-graded Lie algebras g over k 
to the study of nonextendable gradings on simple g-modules. For any 
simple 0 -module V with a Q/P-grading, we hrst construct a Q-graded 
0 -module M{Q, P, V) which are called loop modules. We prove that 
any Q-graded simple module over g is isomorphic to a loop module 
if k has a primitive root of unity of order |Q| in the case of hnite Q; 
or k is algebraically closed with dimg < |k|, see Theorems and 
[3T] We hnish the paper with an open problem: hnd necessary and 
sufficient conditions for two graded simple g-modules M{Q, P, V) and 
M{Q, P', V') to be isomorphic. 

2. Construction of graded simple Lie algebras 

2.1. Construction. We will recall some concepts and results from 
[ABFPj with different notation and discuss some properties on graded 
simple Lie algebras. In this section k is an arbitrary held. 

Let Q be an abelian group and P a subgroup of Q. Assume we are 
given a simple Lie algebra a over k with a hxed Q/P-grading 

a = Uq. 

aSQ/P 

Consider the group algebra kQ with the standard basis : a E Q} 
and multiplication for all a, (3 E Q. Then we can form the 

Lie algebra a C) kQ. For x,y E a and a, (3 E Q, we have 

[x C) C, y C) t^] = [x, y] O 

Dehne the Q-graded Lie algebra 

0 (Q,P, a) := 00 (Q,P, a)„, where 0 (Q, P, a)„ := (g) C. 

ct&Q 

For example, g(Q, Q, a) = a 0 kQ (with the obvious Q-grading) while 
g(Q, {0}, a) = a (with the original Q-grading). These graded Lie alge¬ 
bras g((5, P, a) are called loop algebras in [ABFPj . From the dehnition 
it follows that dimg(Q, P, a) = dim(a)|P| if a is hnite-dimensional and 
P is hnite. The following result is Lemma 5.1.1 in [ABFPj . 

Lemma 1. If Q is an abelian group, P a subgroup of Q and a is a 
simple Lie algebra with a Q/P-grading, then the algebra g(Q, P, a) is a 
Q-graded simple Lie algebra. 

Making a parallel with afhne Kac-Moody algebras [K^lMP] , it is nat¬ 
ural to divide these algebras into two classes. The algebras 0((5, Q, a) 
will be called untwisted graded simple Lie algebra while all other alge¬ 
bras will be called twisted graded simple Lie algebras. 
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2 . 2 . Properties of P, a) in the case of finite Q. Now we need 
to establish some properties of the graded simple Lie algebras P, a) 
for finite groups Q. So in the rest of this section we assume that Q is 
finite and that k contains a primitive root of unity of order |Q| (which 
implies that char(k) does not divide |Q|). 

Let Q denote the character group of Q, that is the group of ah group 
homomorphisms Q —)■ k* under the operation of pointwise multiplica¬ 
tion. Note that Q = Q because of our assumption on char(k). For any 
/ G Q, we define the associative algebra automorphism 

Tf : kQ —)■ kQ via r/(t“) = f{a)P for ah a e Q. 

This induces the Lie algebra automorphism 

. . Tf : Q{Q,P,a) 5 {Q,P,a) 

^ l-A f{a)Xa<^P 

for all a G Q and Xa G a^. Note that Tfg = TfTg for ah f,g E Q, in 
other words, Q acts on g((5, P, a) via automorphisms Tf. We will use 
the following: 

Remark 2. If Q is a finite abelian group, P a subgroup of Q, Q 
the group of characters of Q over a field k such that char(k) does 
not divide |Q| and P-^ ■= {f ^ Q ■ /(«) = 1 for all a G P}, then 
\Q/P-^\ = |P|. Indeed, because of our assumption on k, we know that 
|P| = \P\. Therefore it is enough to prove that each character of P can 
be extended to a character of Q. The latter follows directly from the 
Frobenius reciprocity. 

Lemma 3. Assume that Q is finite and k contains a primitive root of 
unity of order \Q\. Then the algebra q{Q,P, a) is a direet sum of |P| 
ideals. Each of these ideals is Q/P-graded and, moreover, isomorphic 
to a as Q/P-graded Lie algebras. 

Proof. For a G Q, set 

f ■= 

/3gP 

Then, for any a, a' G Q, we have tfi = tfi' if and only if a — a' G P. 
Consider the vector space 

(2) I = aa <8 P, 

a&Q/P 

which is well-defined because of the observation in the previous sen¬ 
tence. Since Pt^ = , for all a,/? G Q, the space / is an ideal. 

Note that [/, /] 7 ^ 0 since a is a simple Lie algebra and char(k) does 
not divide |Q| (and thus it does not divide |P| either, which implies 
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= \P\t°‘ 7 ^ 0). It follows that / = a as a Q/P-graded Lie algebra. 
Simplicity of a even implies that / is a minimal ideal. 

Dehne the invariant subgroup Inv(J) of I as 

Inv(J) = {/ e Q|r/(J) = /}, 

which is a subgroup of Q. Then the set I := {r“(J) : a G Q} consist of 
|(5/Inv(/)| different minimal ideals of q{Q,P, a). From the dehnitions 
it follows that 

Inv(J) C P^ ■= {f ^ Q \ /(«) = 1 for all a G P} 

and hence |Q/Inv(/)| > \Q/P-^\ = |P|, see Remark [2] for the latter 
equality. Comparing the number of non-zero homogeneous components 
in 0 (Q, P, a) and in the subspace 

0 JC 0 (g,P,a), 

Jei 

we deduce that these two algebras coincide. The statement of the 
lemma follows. □ 

The ideals in Lemma [3] are the only ones of the Lie algebra 0 . 

Example 4. In case Q is hnite and char(k) does divide |g|, the algebra 
0 (g, P, a) is not a direct sum of simple ideals in general. For example, 
let us consider the case that char(]k) = \Q\, Q = Zp and P = 0. Since 
(P)P — 1 = (P — 1 )P, we have that 

0 (Q,P,a) ~ a® (C[a:]/(xP)), 

where x = — 1. The latter algebra has an abelian ideal a ( 8 ) and 

a nilpotent ideal a (8) x£\x\. The latter is, in fact, a maximal ideal. 

3. Graded simple Lie algebras: the case of finite Q 

3.1. Preliminaries. In this section, for a hnite abelian group Q, we 
will characterize all Q-graded simple Lie algebras 0 (without assuming 
that 0 is central or with split centroid) when k is an arbitrary held 
containing a primitive root of unity of order |g|. That is, in this 
setup we establish an analogue of Correspondence Theorem 7.1.1 from 
|ABFP] . We start with an arbitrary additive abelian group Q at this 
moment, not necessarily hnite, and a Q-graded simple Lie algebra 

0 = 00a- 

aeQ 


Every x G 0 can be written in the form x = Xa where Xa G 0q,. In 

aeQ 

what follows the notation Xa, for some a E Q, always means Xa G 0a- 
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We define the support of x as 

supp(x) := {a E Q \ Xa 7 ^ 0}. 

Similarly, we can define supp(X) for any nonempty subset X C g. 
Recall that we have assumed that the grading on g is minimal in the 
sense that supp(g) generates Q. 

Classihcation of graded simple Lie algebras for which the underlying 
Lie algebra g is simple, reduces to classihcation of gradings on simple 
Lie algebras. Grading on simple Lie algebras are, to some extent, well- 
studied, see |EKll IEK2j . and we will not study this problem in the 
present paper. Instead, now we assume that g is not simple. 

For a E Q, dehne tTq, : g —)■ g^ as the projection with respect to the 
graded decomposition. Take a non-homogeneous non-zero proper ideal 
I of g. As we progress we may re-choose this I later in this section. 
Dehne the size of I as 

size(/) = min {|supp(x)| : a:G/\{0}}. 

Lemma 5. 

(а) For any nonzero x E I, we have |supp(a:)| > 1. 

(б) We have Tiail) = Qa, for each a E Q. 

Proof. Claim ((aj) follows from the observation that the set 
J = {x E I : |supp(a:)| < 1} 

is a nontrivial graded ideal of g which has to be zero as g is graded 
simple. 

To prove claim (jb]), let / = Tq,(/). As C 7rQ,+^(J), it follows 

aeQ 

that / is a nonzero graded ideal of g which has to be g itself since g is 
graded simple. This completes the proof. □ 

3.2. Auxiliary lemmata. From now on in this section, we assume 
that Q = Qo X Qi where Qo is hnite, k contains a primitive root of 
unity of order |Qo| and any ideal of g is Qi-graded. Then we have the 
graded isomorphisms t/ : g —)■ g, for any f E Qo dehned as in ([T]) (with 
the convention that /(a) = 1 for all a G Qi)- 

Lemma 6. 

(a) An ideal J of q is Q-graded if and only ifTf{J) C J, for all f E Qo- 
{b) The center of g is zero. 
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Proof. Claim (nj) is clear. Claim (jb]) follows from claim (nj) since the 
center is an ideal and is invariant under all automorphisms including 
Tf for / e Qo- □ 

For convenience, we redehne 

Inv(/) = {f eQo\ Tf{I) = 1} 

and set 

Pq = Inv(J)-‘- := {a E Qo : /(«) = 1, for all / G Inv(J)}. 

From Remark[2]it follows that |Po| = |Qo/Ihv(J)|. Then we know that 
Inv(J) is a proper subgroup of Qo- 

Now we can consider 0 as a Q/Po-graded Lie algebra. The homogeneous 
spaces in this graded Lie algebra are indexed by d = a + Pq, where 
a E Q. Note that all these homogeneous components are eigenspaces 
for each Tf, where / G Inv(/). For a E Q, we thus have 

(3) fla = ^ fla+/3- 

/3ePo 

The decomposition 

0 = 0 0 a 

a£Q/Po 

is the decomposition of 0 into a direct sum of common eigenvectors with 
respect to the action of all tj, where / G Inv(J). Since / is preserved 
by all such Tf, we obtain 

/q / n 0 Q. 

For I := {Tf{I) : f E Qo}) we have that |I| = |Qo/Iiiv(J)|. Now we 
can prove the following statement. 

Lemma 7. Assume that 0 is not simple. Then there exists a non- 
homogeneous non-zero proper ideal I of g sueh that different elements 
in I have zero intersection. 

Proof. Suppose J fl J' 7 ^ 0 for some J 7 ^ J' in I. We may assume that 
/ n Tf{I) = Ji 7^ 0 for some / G Qo \ Inv(/). We see that Ji is a non- 
homogeneous non-zero proper ideal of 0 , and Inv(/) C Inv(Ji) C Qo- 

Let r = size(/) and ri = size(/i). Note that r < |Po| and ri < |Po|. 
Let I 2 be the subideal of Ji generated by all x E h with |supp(x)| = ri. 
Take a nonzero x E Ii with |supp(x)| = ri. Then x = Tf{y) for some 
y & I. If X ^ ky, then I contains a linear combination of x and y which 
has strictly smaller support. This means that r < ri. Consequently, 
in the case r = ri, the previous argument shows that tJ^^x) G Ji, for 
any x E h with |supp(x)| = ri. This means that 'r/(/ 2 ) C h and thus 
either Inv(J 2 ) properly contains Inv(/) or ri > r. 
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Now we change our original ideal I to l 2 - In this way we either increase 
the size of the ideal or the cardinality of the invariant subgroup and 
start all over again. Since both the size and the cardinality of the 
invariant subgroup are uniformly bounded, the process will terminate 
in a hnite number of steps resulting in a new ideal of 0 which will have 
the property that different elements in the corresponding I have zero 
intersection. □ 

Since Qq is hnite, we may further take a non-homogeneous non-zero 
proper ideal / of 0 which has the property described in Lemma [7] and 
such that Inv(J) is minimal with respect to inclusion. Then / is a 
Q/Fo-graded Lie algebra 

1 = 0 L. 

a€Q/Po 

From ([3]) it follows that size(/) < |Fo|. Directly from the dehnitions 
we also have Inv(J) C Qq. 

Lemma 8. We have: 

(a) [J, J'] = 0 for any J ^ J' in I; 

m 0 = ^ J; 

JGI 

(c) / is a simple Lie algebra. 

Proof. Claim (jaj) follows from the fact that [J, J'] = J fl J' = 0. 

To prove claim (jbj), we hrst note that J = 0 as the left hand side, 

Jei 

being closed under the action of Qo, is a non-zero homogeneous ideal 
of 0 (and hence coincides with 0 as the latter is graded simple). Let us 
prove that this sum is direct. For J G I, consider 

Xj = jn 

which is an ideal of 0 . We have [Wj, 0 ] = 0. Hence Xj = 0 by 
Lemma iMbj) . Claim (jb]) follows. 

Finally, suppose / is not simple as a Lie algebra. If [1,1] = 0, then 
from ([b]) we have [ 0 , 0 ] = 0, which is impossible. So [J, /] 7 ^ 0. We take 
a non-zero proper ideal Ji of I. From (jb]) we have the direct sum 

0 D(^i)- 

/eQo/Inv(/) 

We see that Inv(/i) is a subgroup of Inv(/). From the minimality 
of Inv(J) we deduce that Inv(/i) = Inv(/). Thus the above direct 
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sum is a homogeneous non-zero proper ideal of g which contradicts the 
graded simplicity of g. So / is a simple Lie algebra. This completes 
the proof. □ 

Because of Lemma [HI from now on we may assume that / is a non- 
homogeneous non-zero proper ideal of g, that is a simple Lie alge¬ 
bra. 

Let a ^ Q and x G /« \ {0}. Since 

-^(5 = -^ Pi ^ 0a+/3, 

/3gPo 

there are unique vectors G ga+/ 3 , where {3 E Pq, such that 

(4) 

/3GPo 

Applying r/, where / G Qo/Inv(/), to both side of (jlj), we obtain |Po| 
identities: 

= / e Qo/Inv(/). 

/3GPo 

From Lemma IH] (0, we have that {r/(x) : / G Qo/Inv(/)} is a set of 
linearly independent elements. Since |Po| = |Qo/Iiiv(/)|, we see that 
{xa+i 3 : /3 G Po} is a set of linearly independent elements and 

span{r/(x) : / G Qo/lnv{I)} = span{xa+^ : (3 G Pq}. 

Thus : (3 E Pq} can be uniquely determined from the above |Qo| 

identities in terms of {r/(x) : / G Qo/Inv(J)}. Therefore the coeffi¬ 
cient matrix (/(a-t-/?)), where / G Qo/ffiv(J) and (3 G Pq, is invertible. 
The above argument yields the following linear algebra result: 

Lemma 9. Let a E Q and 

X = ^ Xa+j3 e \ {0}, 
d&Po 

where Xa+p E Qa+p, for (3 E Pq. Then {xq,+^ : (3 E Pq} is a set of 
linearly independent elements and each Xa+p can be uniquely expressed 
in terms of elements in {r/(x) : / G Qo/ffiv(J)} and entries of the 
invertible matrix (/(a + where f E Qo/ffiv(J) and {3 E Pq. 

Consequently, size(/) = |Po|. 

We will also need the following recognition result. 

Lemma 10. Let g and g' be two Q-graded simple Lie algebras with 
non-homogeneous non-zero proper ideals I and I', respectively, that 
are simple Lie algebras. //Inv(/) = Inv(J') and I I' as Q/P^-graded 
Lie algebras, then g and g' are isomorphic as Q-graded Lie algebras. 
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Proof. From the discussion above we know that both I and I' are simple 
Lie algebras. Let (po : I ^ I' he an isomorphism of Q/Po-gia-ded Lie 
algebras. We know that, for each a & Q, we have the decomposition 

C ^ fla+/3- 
/36Po 


For any / G Qo/Inv(/), set 

Pf ■= -■ rf{P). 

By taking the direct sum, we obtain an isomorphism of Q/Fo-graded 
Lie algebras as follows: 

® •= 0 Pf-5= 0 ^ 0 ' = 0 

/GQo/Inv(/) /eQo/Inv(/) /eQo/Inv(7) 

The isomorphism <F commutes with all r/ by construction. Therefore, 
<h is even an isomorphism of Q-graded Lie algebras. □ 

3.3. Classification. The following theorem is the main result of this 
section. 

Theorem 11. Let Q = Qo x Qi be an additive abelian group where 
Qo is finite, k be an arbitrary field containing a primitive root of unity 
of order \Q\, and g = ^^ga be a Q-graded simple Lie algebra over k. 

aeQ 

Assume that any ideal of q is Qi-graded. Then there exists a subgroup 
Pq LL Qo and a simple Lie algebra a with a Q/Po-grading such that 
g ~ g(Q,Po,a). 

Proof. We may assume that g is not simple. Using Lemma [3 fix a 
nontrivial non-graded ideal a of g that is a simple Lie algebra. Then 
the Q/Po-grading for a is given by 

(5) a = ^ Ua, 

a&Q/Po 

where 

aa = an 0 0/3- 

/3eo+Po 

From the definition of Pq it follows that Inv(a) = P^*-. Now the 
claim follows from Lemma [10] applied to the graded Lie algebras g and 
g(Q, Pq, a), where in both cases the distinguished Q/Po-graded ideal is 

a. □ 

The following result is a direct consequence of Theorem [TT] 
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Corollary 12 . Let Q be a finite additive abelian group and q be a Q- 
graded simple Lie algebra over an arbitrary field k containing a primi¬ 
tive root of unity of order IQI. Then there exists a subgroup P G Q and 
a simple Lie algebra a with a Q/P-grading such that 0 ~ 0 (Q, P, d)- 

The isomorphism problem is dealt with by the following statement. 

Theorem 13. Let Q, Q' be finite abelian groups, 0 (Q, P, a) be a Q- 
graded simple Lie algebra over k such that k contains primitive roots of 
unity of orders |Q| and \Q'\, and g{Q', P', a') be a Q'-graded Lie algebra 
over k with minimal gradings. Then q{Q, P, a) is graded isomorphic to 
Q{Q',P',a') if and only if there is a group isomorphism t : Q ^ Q' 
such that t{P) = P' and the simple Lie algebras a and a' are graded 
isomorphic. 

Proof. The direction («^) is clear, we consider the direction (^). 

Snppose <h : g((5, T*, a) 0 (Q^ T", o') is a graded isomorphism of Lie 
algebras. Then there is a gronp isomorphism a : Q ^ Q' snch that 
= 0 'c.(„), for all a e Q. 

From Lemma [3l we know that o and o' are the simple subalgebras of 
0((5, P, a) and g{Q', P', o') and all simple subalgebras are isomorphic. 
There is / G Q' such that r/(o') = <h(a). We have 

(t(P) = cr(Inv(a)‘*') = Inv(<h(a))‘*‘ = Inv(r/(a'))‘‘‘ = P'. 

Using restriction, one can easily see that the simple Lie algebras a and 
o' are Q/P-graded isomorphic. □ 

In the above correspondence theorems, the algebras 0 and a may not be 
central or with split centroid, which is quite different from the setup of 
Correspondence Theorem 7.1.1 in |ABFPj . Note that characterization 
on Q-graded simple Lie algebras over a held k for a general additive 
abelian group Q in the general case has to be dealt with by different 
methods. In what follows, we approach this problem using a graded 
version of Schur’s lemma and using Correspondence Theorem 7.1.1 in 
[ARFPj . 


4. Graded Schur’s Lemma 

In this section we prove a graded version of Schur’s lemma which we 
will frequently use in the rest of the paper. This is a standard state¬ 
ment, but we could not hnd a proper reference for the generality we 
need. 
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Let Q be an abelian group, 0 = 0 ^ a Q-graded Lie algebra over a 

aeQ 

field k and W = Wa a Q-graded module over 0 . For a G Q, we 

aeQ 

call a module homomorphism a : W W homogeneous of degree a 
provided that a{Wg) C Wg^a- 

Theorem 14 (Graded Schur’s Lemma). Let Q he an abelian group and 
0 a Q-graded Lie algebra over an algebraically closed field k. Let W 
be a Q-graded simple module over 0 with dim IF < |k|. Then, for any 
fixed a E Q, any two degree a automorphisms of W differ by a scalar 
factor only. 

Proof. Let Endo(hF) be the algebra of all homogeneous degree zero 
endomorphisms of W. It is enough to show that Endo(hF) = k. The 
usual arguments give that Endo(hF) is a division algebra over k. Then 
W, viewed as an Endo(hF)-module, is a sum of copies of Endo(hF). In 
particular, 

dimEndo(hF) < dim IE < |k|. 

Since k is algebraically closed, if Endo(lE) were strictly larger than k, 
then Endo(lE) would contain some a which is transcendental over k. 
Then the fraction field k((T) would be contained in Endo(lE). However, 
we have the elements G k(cr), where a G k, which are linearly 
independent. Therefore 

dimEndo(lE) > dimk((T) > |k|, 

contradicting the fact that dimEndo(lE) < |k|. Thus we conclude that 
Endo(lE) = k. □ 

5. Graded simple Lie algebras: the case of infinite Q 

Theorem 15. Let Q be an arbitrary additive abelian group and 0 be 
a Q-graded simple Lie algebra over a algebraically closed field k such 
that dim 0 < |k|. Then there exists a subgroup P <Z Q and a simple Lie 
algebra a with a Q/P-grading such that 0 ~ 0 (Q, P, a). 

Proof. From Theorem [TTl we know that 0 is graded-central-simple (see 
Definition 4.3.1 in |ABFPj L From Lemma 4.3.8 in [ABFPj . we know 
that 0 has a split centroid. The statement now follows from Gorrespon- 
dence Theorem 7.1.1 in [ABFPj . □ 

Gombining Lemma [3] with Theorems [TT] and [151 we obtain: 

Corollary 16. Let Q be a finite additive abelian group and g a Q- 
graded simple Lie algebra over a field k. Suppose that one of the fol¬ 
lowing holds: 
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{i) k contains a primitive root of unity of order \Q\; 

{ii) k is algebraically closed and dimg < |k|. 

Then there exists a subgroup P (Z Q and a simple Lie algebra a with a 
Q/P-grading such that 0 ~ 0 (Q, P, a). 

The following result is a generalization of |Mal Main Theorem (a)] 
which follows directly from Theorem ITHl 

Corollary 17. Let Q = Qo x Qi be an additive abelian group where 
Qq is torsion subgroup of Q. Let g be a finite dimensional Q-graded 
simple Lie algebra. Then g is a Qo-graded simple Lie algebra. 

The necessary and sufficient conditions for two graded-simple algebras 
g(Q, P, a) where o is central-simple were given in Correspondence The¬ 
orem 7.1.1 in |ABFP] . 

From Corollary [161 we actually obtain a full classihcation of all hnite- 
dimensional Q-graded simple Lie algebras over any algebraically closed 
held of characteristic 0 due to the recent classihcation of all gradings on 
hnite dimensional simple Lie algebras, see |EK21 IEH I Yu] . For a similar 
classihcation over an algebraically closed held of characteristic p > 0 it 
remains only to determine all gradings on hnite dimensional simple Lie 
algebras. Some partial results in this direction can be found in |EK2] . 
see also references therein. 

6. Graded Weyl Theorem 

One consequence of our Theorem [15] is that any hnite dimensional Q- 
graded simple Lie algebra over an algebraically closed held k of char¬ 
acteristic 0 is semi-simple after forgetting the grading (note that this 
property is not true in positive characteristic). This allows us to prove 
a graded version of the Weyl Theorem. 

Theorem 18 (Graded Weyl Theorem). Let Q he an abelian group and 
0 a finite dimensional Q-graded semi-simple Lie algebra over an alge¬ 
braically closed field k. of characteristic 0. Then any finite dimensional 
Q-graded module V over g is completely reducible as a graded module, 
that is, V is a direct sum of Q-graded simple submodules ofV. 

Proof. Since 0 is hnite-dimensional, the minimal grading of 0 is by a 
hnitely generated subgroup of Q. Since 0 is hnite dimensional, from 
Corollary [161 we know that 0 is Qo-graded simple, for a hnite subgroup 
Qo of Q. From Lemma [3] it follows that, as an ungraded Lie algebra, 0 
is a hnite-dimensional semisimple Lie algebra. (This can also be proved 
by looking at the radical of 0 without using Corollary [T 6 |) . 
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We need to show that any Q-graded submodule X of a Q-graded hnite 
dimensional g-module W has a Q-graded complement. By Weyl Theo¬ 
rem, we have an ungraded g-submodule W such that W = X (BYi. By 
[EKll Lemma 1.1] (see also |CMl Theorem 2.3']), there is a Q-graded 
submodule Y oiW such that W = X ®Y. The theorem follows. □ 


7. Graded simple modules over graded Lie algebras 

We will study graded simple modules over graded Lie algebras (not 
necessarily graded simple) in this section. Since we will use the graded 
analogue of Schur’s Lemma, we will assume that the base held k is 
algebraically closed later in Subsection 17.31 

7.1. Construction. Let Q be an abelian group and P a subgroup of 
Q. Let, further, g be a Q-graded Lie algebra over an arbitrary held 
k. Note that in this section we even do not need to assume that the 
Q-grading of g is minimal. Consider g = g^ as a Q/P-graded Lie 

a&QIP 

algebra with g^ = ^^ga+/ 3 . Let V = 14 be a simple g-module 

/96P oGQ/P 

with a hxed Q/P-grading. 

Then we can form the g-module V 0 kQ as follows: for a; G g^, u G C 
and (3 E Q, dehne 

x-{v(^t^) = (a:u)(8)P+^. 

Dehne the Q-graded g-module 

M(Q, P, 1/) := 0 M(g, P, l/)„, where M(g, P, l/)„ := 14 (g) P. 

For example, M{Q, Q,V) = V Ckg (with the obvious g-grading) while 
M{Q, {0}, V) = V (with the original g-grading). From the dehnition 
it follows that dimM(g, P, V) = dim(l/)|P|, if V is hnite-dimensional 
and P is hnite. These graded modules are called loop modules in 

[FK4] . 

Unlike the algebra case, the g-graded g-module M{Q, P, V) is generally 
not graded simple. Fven it is hard to see whether it is graded simple. 
We will hrst discuss this problem. 

We say that a simple g-module V with a g/P-grading is grading ex¬ 
tendable if there is a subspace decomposition 

1/ = ^ with 14 = ^ Xa+g 

aeQ 0€P 
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for any a E Q (here both sums are not necessarily direct) such that 
QjsXa C Xa+p for all /3 G Q and at least one X^ 7 ^ 14- Note that the 
set {Xa : a G Q} is called a Q-covering of V in |BLj . 

Now we can obtain some necessary and sufficient conditions for the 
Q-graded module M{Q, P, V) to be Q-graded simple. 

Lemma 19. The Q-graded module M{Q, P, V) is Q-graded simple if 
and only if the simple module V is not grading extendable. 

Proof. If V is grading extendable, there is a decomposition V = X^ 

qgq 

with 14 = ''^^Xa+g, for any a E Q, such that QaXg C Xa+p and at 
p&p 

least one X^j^p 4 f4. Then the module M{Q, P,V) has a nonzero 
proper Q-graded submodule 

Thus M{Q, P, V) is not Q-graded simple. 

Now suppose that M{Q, P, V) is not Q-graded simple. Consider the 
ideal I in CQ generated by — 1 : a G P} and let 

N = M{Q, P, V)/{M{Q, P, C)) n (C (8 /)). 

The module N is naturally Q/P-graded and is, in fact, isomorphic to 
the Q/P-graded module V with the original grading. We have that 

A^= 0 

oi&QIP 

where {P : a E Q/P} is a basis for the group algebra of Q/P. Let 

TT : M(Q, P, V) N, 
be the canonical epimorphism. 

Take a proper Q-graded submodule X = X^ ^ P of M{Q, P,V). 

qgQ 

Since tt{X) = N, we have 14 = '^^Xa+p for any a E Q and, also, 

Pgp 

QaXp C Xa+p. Since W is proper, we have X^ 4 Thus V is 
grading extendable. □ 

For any f E Q and any g-module V, we dehne a new module as 
follows: as a vector space, we set 1/'^ := V, and the action of g on 
is given by 

x^o V = f{a)XaV, for all Xa E 0 o,, v E V. 
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If ly is a Q-graded g-module, for any f E Q, the linear map 

Tf :W ^ W^-,Tf{Wa) = f{a)Wa,ya E Q,Wa E Wa, 

is a Q-graded module isomorphism since 

Tf{XaW) = f{a)XaTf{w) = X^ O Tf{w) 

for all a E Q,Xa E 0 a, w E Wa- But Tf ■. W ^ W generally not a 0 - 
module homomorphism from W to W. However Tf{N) is a submodule 
of W for any submodule N of W. 

7.2. Classification of graded simple modules: the case of finite 

Q. In this section we assume that Q is a hnite abelian group, the held 
k contains a primitive root of unity of order \Q\, and 0 = ^^ 0 a a Q- 

graded Lie algebra over k. Although the major part of both results and 
methods for the study of Q-graded simple modules is rather different 
from those for the study of Q-graded simple Lie algebras in Sections 13.21 
and 13.31 there are some similarities. We will omit similar arguments in 
this section. 

Lemma 20. Assume that Q is finite and k contains a primitive root 
of unity of order \Q\. Then the module 

M{Q,P,V)= 0 Vfi 

/6Q/P-L 

where each summand has a naturally induced Q/P-grading. 

Proof. The proof is similar to that of Lemma [3l □ 

We note that neither P nor V in Lemma [20] are uniquely determined 
in general, cf. Example [33 

Now let W = Wa be a Q-graded simple 0 -module. As before, we 
dehne supp(n) for any v = ''^^Va E W, where Va E Wa, and size(A^) 

aGQ 

for any subset N of the module W. 

We assume that W is not simple as a 0 -module. Let A^ be a proper 
nonzero submodule of W. Set r := size(A^) > 1 and dehne 

P(tV) := span{n E N : size(n) = r}. 

Then R{N) is a non-homogeneous non-zero proper submodule of W. 
We will say that a submodule A^ of W is pure of size r if size(A^) = r 
and, moreover, R{N) = N. 
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For a E Q, define tTq. : W ^ Wa as the projection with respect to the 
graded decomposition. The following lemma and its proof are similar 
to Lemmata O and O 

Lemma 21. 

(a) For any nonzero x E N we have |supp(a:)| > 1. 

{b) We have tTqIN) = Wa for each a E Q. 

(c) A submodule N of W is Q-graded if and only if Tf{N) C N for all 
feQ. 

As we did before, we dehne 

Inv(iV) = {/eQ|r/(iV)=iV}, 

and set 

P = Inv(iV)-‘- := {a E Q f{a) = 1, for all / G Inv(iV)}. 

We know that \P\ = |Q/Inv(iV)|. For N := : / E Q}, we have 

that |N| = |Q/Inv(A^)|. 

Similarly to Lemma [7] and its proof, we have the following. 

Lemma 22. Assume that W is a Q-graded simple Q-module that is not 
simple. Then W has a non-homogeneous non-zero proper submodule N 
so that different submodules in N have zero intersection. 

Now we have the following statement. 

Lemma 23. Assume that W is a Q-graded simple Q-module that is not 
simple. Then W has a non-homogeneous simple submodule. 

Proof. Since Q is hnite, we may take a non-zero proper submodule N 
of W having the property as in Lemma [22] and such that Inv(iV) is 
minimal with respect to inclusion and, further, size(A^) is maximal. 
Then iV is a Q/T’-graded submodule 

N= 0 iVe,. 

a&Q/P 

Note that size(iV) = r > 1. Take a nonzero z = zi+ Z 2 ^— ■ -h Zr E Na 
where Zi E Wa+ai,W ^ P- Replace our N by the submodule of W 
generated by this 2 ;. Then we still have the property of Lemma [221 
Inv(7V) is minimal, size(iV) is maximal, and, furthermore, N is pure. 

Since Inv(A^) is minimal, it follows that ai,a 2 ,-- - , generate the 
group P. There are fi = id, f 2 , ■ ■ ■ , fr ^ Q such that the r x r matrix 
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{fi{aj)) is invertible. Then we have the direct sum 

r 

(6) W = @t,,{N) 

i=l 

since the submodule on the right hand side has size 1 . 

If N is not simple, we take a proper nonzero pure submodule N' of N. 
We see that Inv(iV) = Inv(iV'), and also 

JV' = 0 iV'. 

a&Q/P 

Note that size(A^') > r. Since size(A^) is maximal, we have size(A^') = 
r. We may assume that N' is generated by a nonzero element z' = z'i + 
Z 2 + ■ ■ ■ + z'j. E Na where G Wa'+a', for a' G P. Then a'^, • • • , 

also generate the group P, and the r x r matrix (/j(a')) is invertible. 
Similarly to the above, we have the direct sum 

r 

(7) tr = 0T;,(Af'). 

i=l 

Comparing ([ 6 ]) with ([7]), we get 

r r 

( 8 ) 

i=l i=l 

As N' C we have Tf^{N') C Tf^{N), for each i, and hence ([H]) is 
impossible. This implies that N is simple. □ 

Theorem 24. Let Q be a finite additive abelian group and W be a Q- 
graded simple Q-module over k such that char(k) contains a primitive 
root of unity of order |Q|. Then there exist a subgroup P G Q, and 
a simple Q-module V with a nonextendable Q/P-grading so that W is 
Q-graded isomorphic to M{Q,P,V). 

Proof. From the previous lemma we know that W has a simple 0 - 
submodule N. We may assume that Inv(A^) is minimal and size(iV) = r 
is maximal. Let P' = Inv(A^)-*“. Then N is Q/P^-graded 

(9) A'= 0 

a&QIP' 


Take a nonzero z = Za + Za+ai + • • • Za+ur-i ^ ^ where z-^ G Wy and 
ai E P'. We can dehne a linear map 

where w = w-y-\- H— • + G U{g)-^-aZ, and U (3)7-0 is the 

homogeneous component of grading 7 — a of the universal enveloping 
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algebra. The map Aq. is well-defined since size(A^) = r. Fnrther Aq,. is 
a bijection. For any e U{g)y, from 

y'yW y-fWy -|- y^w -I- ■ ■ ■ T y-yW/s+ar_i ^ A^ 

we have that Kcniy^wy) = y^Kcn{wy). Thns, Aq,. is a Q-graded 0 - 
module antomorphism of W which is, moreover, homogeneons of degree 
an 

Let P be the snbset consisting all a* G so that there is a graded iso¬ 
morphism Aq. of W of degree q;*. Then P is a snbgronp of P'. 

If P 7 ^ {0,ai,--- ,ar-i}, there is another G P. Then N' = 
{x -|- KaXx)\x G A^} is a simple g-snbmodnle isomorphic to N. Also 
Inv(A^) = Inv(A^) and size(A^') > r, which contradicts the choice of N. 
Thns P = {0, «!, • • • , a^-i}, and N has the natnral Q/P-grading 

(10) N= 0 iVg. 

EiGQ/P 

Let P^ = {/ G Q\f{P) = 1}. Then 

(11) W"= 0 

/gQ/R-l 

From (9), (10), (11) we see that Ag = 0 or A'q. For example A'g = 0 if 

aeP'\P. 

From this we see that W is Q-graded to the submodule of M{Q, P, N). 
This completes the proof. □ 

We illustrate our result by the following example. 

Example 25. Let 0 be the abelian Lie algebra with basis g(o,o), ff(i,o), 
g(o,i) with the Q = Z2 x Z2-grading given by 

0 (ij) = span{g(ij)} where = 0 . 

Let IV be the Q-graded simple 0 -module with basis 10 ( 1 ^ 0 );'^^^( 0 , 0 ) and 
the action 


where tC(o,i) = "iaii,!) = 0. Let V = kn be the one dimensional 0 -module 
with the action 

g{0,0) ■V = v, gpfi) - v = v, 5 f( 0 ,i) • n = 0. 

We see that W is isomorphic to M{Q, P, V) where P = Z 2 x {0}. In 
the proof of Theorem [211 P' = Q- 
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7.3. Classification of graded simple modules: the case of infi¬ 
nite Q. Let Q be an additive abelian gronp and g = go, a Q-graded 

aeQ 

Lie algebra over an algebraically closed field k. Let W = Wa be a 

a&Q 

Q-graded simple g-module snch that dim(hL) < |k|. 

We assume that W is not simple as a g-module. Let iV be a proper 
nonzero submodule of W. Set r := size(iV) > 1. We may assume that 
N is pure of size r. 

Fix a nonzero element v = Vfs + Vis+ai + • • • T/n-a^-i ^ ^ where G Wy, 
and oi, 02 , • ■ ■ , c^r-i £ Q- We replace our N by the submodule of W 
generated by v. Then N is still pure of size r. We can dehne a linear 
map 

(12) ^N,ai : W ^ W, Wj 'U^7+ai, 

where w = + H- Vw^j^ar-i ^ ^( 5 ) 7 -/?'^, and is the 

homogeneous component of grading 7 — /3 of the universal enveloping 
algebra. 

For any G from 

y^Wy y^W -I- • • • -I- ^ ^ 

we have that kN,ai{,y-tWy) = y^AN,ai{wy). Thus, is a Q-graded g- 

module automorphism of W which is, moreover, homogeneous of degree 
Oj. From Theorem [H] it follows that A^v q. does not depend on the 
choice of iV up to a scalar multiple. We thus simplify the notation 
A^, 0 * to Aq,^ . Set 

P' = {a ^ Q : there is a degree a module isomorphism of hF}, 

D' = span{Aa : a G P'}. 

The following result is trivial. 

Lemma 26. 

(a) The set P' is a nonzero subgroup of Q. 

{b) The vector space D' has the structure of an associative P'-graded 
division algebra induced by composition of endomorphisms where 
D' is naturally Q-graded with deg(AQ) = a. 

Now we need the following lemma. 

Lemma 27. The Q-graded associative P'-graded division algebra D' 
has a maximal Q-graded commutative subalgebra D. 

Proof. For any ascending chain of Q-graded commutative subalgebras 
of D'\ Ai C A2, C • • • C C • • • , the union is also a Q-graded 
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commutative subalgebras of D'. Therefore D' has a maximal Q-graded 
commutative subalgebra D by Zorn’s lemma. □ 

Let D be a maximal Q-graded commutative subalgebra of D' and let 
P = supp(Zi)) which is a subgroup of Q. We remark that, unlike the 
algebra case, here, in general, D ^ D', see Examples [23 

From Lemma 1.2.9(i) in [P], we have the following: 

Lemma 28. The P-graded associative division algebra D is isomorphic 
to the group algebra kP. 

Now, we have elements Aq,, for a & P, satisfying 

= Aa +/3 for all a,{3 G P. 

Let A = {A„ : a E P} and V be the span of the set 

{vg — Aa{vg) : (3 E Q,Vg E Wg and a E P}. 

Then V is a submodule of W. 

Lemma 29. The submodule V ofW is a proper submodule ofW. 

Proof. Let {(dj : j E B} be a set of representatives for cosets in Q/P, 
where B is an index set. Let {x^g^ : k E Bj} he a basis of Wg^, where 
Bj is an index set. Then the set 

■■ j eB,kE Bj} 

is a basis for W. For j E B and k E Bj, set 

Sjk ■■= {xf^ - A( 4 ?) : a G A} 

and 

■s = U U 

j&B keBj 

Comparing supports of involved elements, it is easy to see that the sum 

span{Sjk) 

j&B keBj 

is direct. Dehne the linear map 

(13) (T : W —)■ k such that i-A 1 for all A E A. 

Clearly a is onto and cr{V') = 0. Therefore V ^ W and thus V is a 
proper submodule of W. By construction, this submodule is pure of 
size two. □ 

Lemma 30. The submodule V is a proper maximal submodule ofW. 
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Proof. Clearly, V is a pure submodule of W of size 2 . Assume that 
V is not maximal. Then there is a proper submodule V" of W which 
properly contains V. This means that there exist different elements 
/9o) /So + 7i, /do + 72 , • • •, /do + 7r in Q and non-zero elements 

^ 0/3o,^/3o+71 ^ 0/3o+71 , ^/3o+ 72 ^ 0/3o+72, • • • , ^/3o+7r ^ 0/3o+7r 
such that 

(14) X . XfjQ p -\- XfjQ^^2 T ■ ■ ■ T ^l3o+'yr \ ^ • 

Assume that r is minimal possible for elements in V" \ V. Note that 
r > 0 as V" 7 ^ IT. If any y* or any difference — y* for i 7 ^ j is in P, 
then we can use dehnition of V" \ V and subtract from x an element 
in V getting a new element in V \ V with strictly smaller support. 
Therefore neither y* nor any difference y^ — y^ for i 7 ^ j is in P. In 
particular, it follows that V" \ V does not contain any element whose 
support would be a proper subset of the support of x. Note that any 
partial sum of x in flTTj) is not in V" \ V for otherwise either this sum 
or its complement to x would be an element in V \ V with strictly 
smaller support. 

Now we £x all these y^. Next we claim that, for a fixed x^ G Wp for 
which an element x of the form flTTjl in V \ V exists (replacing /Sq with 
(3), the elements 

^/3+7i ^ 0/3+71, ^/3+72 ^ 0/3+72 i ■ ■ ■ i ^/3+7r ^ 0/3+7^ 

leading to such x are uniquely determined. Indeed, otherwise the non¬ 
zero difference between two such elements of the form 0141) would have 
a strictly smaller support and hence would belong to V because of the 
minimality of r. This is, however, impossible by the previous para¬ 
graph. 

By the above arguments, we have the g-module isomorphisms : 
IT —)■ IT mapping xp to xp^^^. defined as in flT^ . We denote by T the 
span of all elements of the form flTT)) where /5 G Q is arbitrary. From 
this construction and the above properties it follows that T is a pure 
submodule of size r + 1 that is contained in V. 

Now each x of the form fflTD can be uniquely written as 

X = x/j -h A.^j (/r/3) H-h A.^^(x/3) 

and all y* are in P' defined before Lemma [2B1 For any a E P, we have 
X — Aq,(x) G T', Aq,(x) = X — (x — Aq,(x)) G V" \ V and hence 

A„(x) = H-1 A„A.^ 2 (X/ 3 ) G Ti. 

At the same time, we have 

y = K{xp) + H-h A.^^A„(x, 3 ) G T, 

as this element has the form (1141) with x^ replaced by Aa(x^). 
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We have Aa{x) — y E Vi. If we would have Aa{x) — y ^ 0, then 
Aaj{x) —y^Vi since Vi does not contain elements with such support. 
Hence A„(x) — y = 0, i.e., A^A^^ = A^.A^ for all a G P and all 
i = 1,2,... ,n. Since D is the maximal graded commutative subalgebra 
of D', thus at least one 7 * G P, a contradiction. The claim follows. □ 

Now we have the following: 

Theorem 31. Let Q be an additive abelian group and q be a Q-graded 
Lie algebra over an algebraically closed field k. Let W be a graded 
simple Q-module such that dim(lT) < |k|. Then there is a subgroup 
P <Z Q and a simple Q-module V with a Q/P-grading such that W is 
Q-graded isomorphic to M{Q, P,V). 

Proof. From Lemma [30] we have that the module V = W/V' is & simple 
0 -module with a Q/P-grading. It is easy to verify that the Q-graded 
canonical map 

W -E M(Q,P,V), 

Va l-A (Va + V') (g) P 

is a degree 0 injective homomorphism of g-modules. Thus W is Q- 
graded isomorphic to M{Q, P,V). □ 

We note that a special case of Theorem [TI] was obtained in [EKlj 
with a totally different approach. We remark that neither P nor V in 
Theorem l3T] are uniquely determined. Further, M{Q, P, V) might have 
non-trivial graded automorphisms, see Lemma [33] below. 

Now we want to consider graded isomorphisms between g-modules 
of the form M{Q, P,V). By construction, we have M{Q,P,V)^ = 
M{Q, P, V-l") for any f E Q. Note that V and are not isomorphic 
as g-modules in general. Our next observation is the following. 

Lemma 32. In the situation above, there is a degree zero isomorphism 
of graded Q-modules M{Q, P, V) and M{Q, P, V)h. 

Proof. Define T : M{Q,P,Vy —)■ M{Q,P,V) by sending v i-A 
for any a E Q and v G M{Q, P, V)a- Then, using the dehnitions, for 
all a, fi E Q, Xp E Qp and v G M{Q, P, V)ci, we have 

^{xp ov) = ^{f{fi)xpv) = 

As T is obviously bijective, the claim follows. □ 

Lemma 33. Let q be a Q-graded Lie algebra and P subgroup of Q. Let, 
further, V be a simple Q-module of dimension smaller than |k| with a 
nonextendable grading over Q/P. Assume a E Q. Then there is a 
degree a graded automorphism r : M{Q, P,V) —)■ M{Q, P,V) if and 
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only if there is f E Q and a degree a E Q/P isomorphism n -.V^ 
of Q/P-graded g-modules. 

Proof. To prove necessity, write r in the form 

t:M{Q,P,V) -e M{Q,P,V), 

i-A (g) 

where (3 E Q and ■. ^ '^g+a is a linear isomorphism of vec¬ 

tor spaces. For any k E P, the map r o o : M{Q, P,V) -E 
M{Q, P,V)) is a g-module antomorphism of degree n. By Graded 
Schnr’s Lemma, there exists E C* snch that r o o = OrAk, 
that is, r o Ak = OrAk o r. This implies that for all /3 G Q 

and K E P (note that does not depend on (3). 

Since C* is a divisible and hence injective abelian gronp, we can extend 
the map k —)■ to a character f oi Q. Consider the isomorphism T 
constructed in the previous lemma. We have the graded g-module 
isomorphism 

tT : M(Q, P, 1//) ^ M{Q,P,V), 

From the dehnitions it follows that for aW (3 E Q and k E P we have 
f{-(3 - = f{-(3)f^0. 

Then we have a vector space automorphism fi : V-^ ^ V oi degree a 
given by /i(n^) = /(-/?)/i /3 (n^), for every E Vg (= V^). For any 
x.y E g..y and G Vg, we have 

/i(x.y O Vg) (g) t'^+h+a = (^x.y O (g) 

= T'^lx.y O (Vp ^t^)) 

= X^T'^lv^ <Si fh) 

= x..y(/i(n^) (g) 

= X^pi{vp) (g) p+^+“. 

Therefore fi^x^yov^) = x^fi^Vg), and thus /i is an isomorphism of Q/P- 
graded g-modules and it has degree a E Q/P hy construction. 

Now let us prove sufficiency. Suppose f E Q and /i : —)■ G is a 

degree a E Q/P isomorphism of Q/P-graded g-modules. Then 

f{y)fi{x^vp) = fi{x^ o v^) = x^fi{v^) 

and this implies that 

t:M{Q,P,V) -E M{Q,P,V), 

eE- /(/3)/i(n^) (g)f^+“, 

where (3 E Q and G is a degree a automorphism of the Q-graded 
g-module M(Q, P, 1/). □ 
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The following example, suggested by A. Elduque and M. Kochetov, 
shows that there are different choices for P in our Theorem [Ml 


Example 34. Consider the Lie algebra sl2(C) with the standard basis 


h 





Let Q = Z2 X Z2. Dehne on sl2 the following Q-grading: the element 
h has degree (1, 0), the element e + / has degree (0,1) and the element 
e — / has degree (1,1). This grading can be extended to the algebra 
of all 2 X 2 matrices by setting the degree of the identity matrix to be 
(0, 0). Let W be the vector space of all 2 x 2 matrices considered as an 
sh-niodule via left multiplication. Then W becomes a Q-graded simple 
sh-niodule. Now one can check that W = M{Q, P, V) for the following 
three choices of P and a hne grading on the natural sh-module V = 

P = {0} X Z2, deg = (0, 0) and deg = (1, 0), 

P = Z2 X {0}, deg = (0, 0) and deg = (0,1), 

^ = {(0, 0), (1,1)}, deg Q = (0, 0) and deg = (1, 0), 


where = —1 and (1, 0) = (0,1) in Q/P in the last case. 


Here is an interesting example with different flavor in the case when g 
is not simple. 

Example 35. Consider g = sl2(C)©sl2(C) with the natural Z2-grading 
given by 

go = {(x, x) I x G s[2(C)} and gp = {(x, —x) | x G s[2(C)}. 

We £x the standard triangular decomposition in each sl2(C) and con¬ 
sider highest weight g-modules L{hi,h2) with respect to this decom¬ 
position, where hi, i = 1,2, gives the highest weight for the Pth 
copy of s[2(C). Then L{hi,h2) admits a Z2-grading if and only if 
hi = ^2, in which case it is isomorphic to M(Z2, {0}, P(/ii,/i2)). If 
hi 7^ ^2, then L{hi, ^2) © L{h2, hi) has the natural Z2-grading making 
it a graded simple g-module isomorphic to both M(Z2, Z2, P(hi, h2)) 
and M(7j2,'L2,L{h2,hi)). □ 

Our Classihcation Theorem [M] reduces construction of Q-graded sim¬ 
ple modules over a Q-graded Lie algebra g to classihcation of non- 
extendable Q/P-grading on all simple g-modules, for any subgroup P 
of Q. Some results in this direction can be found in |EKlj . We note 
that [EKll Theorem 8] determined the necessary and sufficient condi¬ 
tions for two hnite dimensional M{Q, P, V) to be graded isomorphic if 
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g is a finite dimensional simple Lie algebra. We complete the paper 
with the following question: 

Problem 36. Find necessary and sufficient conditions for two graded 
simple g-modules M{Q, P,V) and M{Q,P', V) to be isomorphic. 

Further studies on graded simple modules are going on in the recent 
paper 
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